Abstract. The search of solutions of the Diophantine equation x 3 +y 3 +z 3 = k for k < 1000 has been extended with bounds of |x|, |y| and |z| up to 10 15 . The first solution for k = 74 is reported. This only leaves k = 33 and k = 42 for k < 100 for which no solution has yet been found. A total of 966 new solutions were found.
Introduction
The question of whether or not any k ∈ AE can be written as the sum of three cubes of integers:
has been investigated for centuries. Specific cases for k can be excluded. For example, any k ≡ ±4 (mod 9) cannot have a solution since for any n ∈ AE, n 3 ≡ 0, ±1 (mod 9). In addition, for k = 0 the equation reduces to a specific case of Fermat's last theorem, which was proven by Euler to have no solutions besides the obvious trivial ones. It has not been proven that for all other k solutions exist. Nor has there been any proof showing that any other k has no solutions. Moreover, recent work of Colliot-Thélène and Wittenberg [CTW] has shown that the integral Brauer-Manin obstruction is empty for these Diophantine equations. It is therefore conjectured that all other k can be written as the sum of three cubes.
For k = 1 and k = 2 (and therefore for k = s 3 and k = 2s 3 for any s ∈ AE)
parametric solutions are known [Wer, Mah, Mor] :
For this set of k there are an infinite number of solutions that one can generate trivially. For other k many solutions have been found for k < 1000. The search for solutions accelerated in the '50s when digital computers became available. A complete historical overview and the progress over the years up to 2007 is given by [BPTJ] . They end their paper with a list of k for which no solution has been found yet: 3 values for k < 100 and 27 values for k < 1000. The most recent computer assisted search for solutions with bounds for x, y, and z up to 10 14 by Elsenhans and Jahnel from 2009 [EJ] still leaves 3 values for k < 100 without solution and leave only 14 values for k < 1000 without solution. In this paper the results for search bounds for x, y, and z up to 10 15 are presented.
Methodology
The numerical technique used is the same as the one used by Elsenhans and Jahnel [EJ] , and is based on the work of Elkies [Elk] . Here we look for large-number solutions of (1.1). What that practically means is that there will be positive and negative numbers among x, y, and z. The problem can be rewritten as:
where X = x/z and Y = y/z. For large-number solutions for relatively small k the last term is very small and effectively rational points are sought around the curve Y 3 = 1 − X 3 . As the above equation is symmetric in X and Y the search space can be reduced by requiring 0 < X < 3 1/2. Because the last term of (2.1) is nonzero solutions around the line are sought for. The cubic curve is therefore covered by tiny 'flagstones' [EJ] (called after the German word fliesen meaning tiles) which are parallelograms that cover the curve, where 2 lines are parallel to the Y axis and the other 2 sides follow the tangent of the curve. The width of these parallelograms depend on the search bound B and the maximum size for k. Findings solutions of the form x/z, y/z that fall inside these parallelograms is equivalent to looking for solution x, y, and z inside a pyramid with sharp apex. In order to quickly iterate over lattice points inside this pyramid, lattice base reduction is applied to find basis vectors that are more accustomed to this geometry. For more details we refer to the documentation and the (German) comments inside the code of [EJ] and a more elaborate explanation of [Mac] for a very similar problem using identical technique.
Results
The results of [EJ] are taken as reference. With respect to this reference 966 new solutions have been found. The combined list now includes 15254 solutions. The number of solutions for each decade up to search bounds B in the range from 10 2 to 10 14 have been roughly 1000 solutions per decade, which is in accordance with log(B) [HB] 
